
UBC Math Circle 2021 Problem Set 1

1. (a) Let p be a prime number. Show that Φp(x) = xp−1
x−1
∈ Z[x] is irreducible.

(b) Show that Φpr(x) = xpr−1

xpr−1−1
∈ Z[x] is irreducible for any r ∈ N.

2. Show for n ≥ 5 that 1 +
∏n

i=1(x− i) ∈ Z[x] is irreducible.

3. Show that x4 + 1 is irreducible in Z[x] but not in Z/pZ[x] for any prime p.

4. (a) Show that for a prime p ≡ 3 (mod 4), x2 + y2 ≡ 0 (mod p) implies x ≡ y ≡ 0
(mod p)

(b) Find the solutions to the following congruence:

2x2 + 6xy − 2x+ 5y2 − 4y + 1 ≡ 0 (mod 2021)

5. (QM-AM-GM-HM inequality) Let x1, . . . , xn be n positive real numbers. Then√
x21 + · · ·+ x2n

n
≥ x1 + · · ·+ xn

n
≥ n
√
x1 · · · · · xn ≥

n
1
x1

+ · · ·+ 1
xn

.

6. Let a, b, c be positive real numbers. Show that

1

2a
+

1

2b
+

1

2c
≥ 1

a+ b
+

1

b+ c
+

1

c+ a
.

7. Let x, y, z be positive reals satisfying x2 + y2 + z2 = 2xy + 2xz + 2yz. Prove that

x+ y + z

3
≥ 3
√

2xyz.

8. Let n ≥ 2 be an integer. Prove that

n

(
1− 1

n
√
n

)
+ 1 > 1 +

1

2
+

1

3
+ · · ·+ 1

n
> n( n

√
n+ 1− 1).

9. (Complementary Beatty sequences) Let α and β be positive irrational numbers such that
1/α+1/β = 1. Show that the sequences an = bαnc and bn = bβnc are disjoint and their
union is N.
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