
UBC Math Circle 2022 Problem Set 2

1. Let
(1 + x+ x2)n = a0 + a1x+ a2x

2 + · · ·+ a2nx
2n

be an identity in x. Find a0 + a2 + a4 + · · ·+ a2n in terms of n.

2. Let f(x) = x2 − 2. For each n ∈ N, we let f ◦n = f ◦ f ◦ . . . ◦ f (n times). Prove that for
each n ∈ N there exist 2n real numbers x such that f ◦n(x) = x. (Hint: Let x be a real
number such that f ◦n(x) = 0 or ±2 and consider what happens to x under f ◦(n+1).)

3. Let S be a subset of R2. It is called convex if for (a, b), (c, d) ∈ S, the line segment
joining (a, b) and (c, d) lies entirely in S. It is centrally symmetric if whenever (a, b) ∈ S,
then (−a,−b) ∈ S. Prove that if the area of a convex and centrally symmetric set S is
greater than 4, then S contains a point of Z2 other than (0, 0). (Hint: Consider the map
(x, y) 7→ (x mod 2, y mod 2) on S. Can this map be injective if the area of S is greater
than 4?)

4. (a) Suppose α ∈ C is a root of some nonzero polynomial in Q[x]. Write Q[α] to denote
the set {P (α) | P ∈ Q[x]}. Show that for any β ∈ Q[α] \ {0}, there exists γ ∈ Q[α]
such that βγ = 1. (You may assume that Q[α] is a finite-dimensional Q-vector
space, a consequence of which is that there exists n ∈ N such that for all v1, . . . , vn ∈
Q[α], there exist λ1, . . . , λn ∈ Q not all zero such that λ1v1 + · · ·+ λnvn = 0.)

(b) Let α ∈ C be a root of the polynomial x4 − 4x2 + 2 ∈ Q[x]. You may assume that
α and 1 + α + α2 are nonzero. Write α−1 and (1 + α + α2)−1 as elements of Q[α].

5. Let P (z) = adz
d+ · · ·+a1z+a0 be a polynomial with complex coefficients. The reverse

of P is defined by
P ∗(z) = a0z

d + a1z
d−1 + · · ·+ ad.

(a) Prove that

P ∗(z) = zdP

(
1

z

)
.

(b) Let m be a positive integer and let q(z) be a monic nonconstant polynomial with
complex coefficients. Suppose that all roots of q(z) lie inside or on the unit circle. Prove
that all roots of the polynomial

Q(z) = zmq(z) + q∗(z)

lie on the unit circle.
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